We extend this result to a wider class of graphs. A graph is simple if it is isomorphic to an induced subgraph of the path P 4 .
Rutcor Research Report RRR 21-2001 , March, 2001 A finiteness theorem for primal extensions Igor Zverovich Abstract.A set W V (G) is called homogeneous in a graph G if 2 jWj jV (G)j ? 1, and N (x)nW = N (y)nW for each x; y 2 W . A graph without homogeneous sets is called prime. A graph H is called a (primal) extension of a graph G if G is an induced subgraph of H , and H is a prime graph. An extension H of G is minimal if there are no extensions of G in the set ISub(H)nfHg. We denote by Ext(G) the set of all minimal extensions of a graph G. We investigate the question: Under which conditions Ext(G) is a nite set? The main result of Giakoumakis 5] is the following su cient condition.
Theorem. If every homogeneous set of G has exactly two vertices then Ext(G)
is a nite set.
We extend this result to a wider class of graphs. A graph is simple if it is isomorphic to an induced subgraph of the path P 4 .
Theorem. If every homogeneous set of G induces a simple graph then Ext(G) is a nite set.
We show that our result is best possible. Speci cally, we prove that for every non-simple graph F there exist a graph G and a homogeneous set W of G such that W induces a subgraph isomorphic to F and Ext(G) is in nite.
Introduction
The neighborhood of a vertex x 2 V (G) is the set N G (x) = N(x) of all vertices in G that adjacent to x.
De nition 1 Let G and H be graphs. A substitution of H in G instead of a vertex v 2 V (G) is the graph G(v ! H) consisting of disjoint union of H and G ? v with the additional edgeset fxy : x 2 V (H); y 2 N G (v)g. De nition 2 For a class P of graphs, its substitutional closure P consists of all graphs that can be obtained form P by repeated substitutions, i.e., P is generated by the following rules:
(S1) P P ; (S2) if G; H 2 P and v 2 V (G), then G(v ! H) 2 P .
Let ISub(G) be the set of all induced subgraphs of a graph G (considered up to isomorphism). A class of graphs P is called hereditary if ISub(G) P for every G 2 P.
For a set of graphs Z, the class of Z-free graphs consists of all graphs G such that ISub(G) \ Z = ;. Proposition 1 If P is a hereditary class then P is also a hereditary class. Open Problem 1 For a hereditary class P given by a set Z of forbidden induced subgraphs, nd a forbidden induced subgraph characterization of the substitutional closure P .
Bertolazzi, De Simone, and Galluccio 1], 4] note that this problem is especially interesting in the case where P is a good class for the vertex packing problem, i.e., the weighted stability number can be found in polynomial time for all graphs in P. De nition 9 A homogeneous set is called maximal if it is not contained in other homogeneous set. We denote by Hom(G) the set of all maximal homogeneous sets in a graph G.
Algorithm 1 (Graph Extension) Input: a graph G. Output: a set Ext = Ext(G).
Step 0. Put S 0 = fGg, Ext = ;, and i = 0.
Step i (i 1 We construct all reducing W-copaths R = (u 1 ; u 2 ; : : :; u t ) for the homogeneous set W = fa; bg (see Figure 1 ) of O 2 K 2 . The graph K 1 P 4 has a unique homogeneous set inducing P 4 , and c(K 1 P 4 ) = 2. Chair has a unique homogeneous set inducing O 2 , and c(Chair) = 1. As it shown in Zverovich 8] , Ext(K 1 Paw) consists of eight graphs. Proof. By (R1a), u 1 w 1 2 W. By (R2), each vertex u i (i = 2; 3; : : : ; t) is adjacent to exactly one of u i?1 ; w 1 . This observation and the connectedness of G imply that H is also a connected graph.
Let now G be a connected graph. By (R1b), u 1 Without loss of generality we may assume that F contains a cycle D. Let J be a graph in Ext(F ) of the minimum order. We construct a graph G as a disjoint union of F and a cycle C of order jV (J)j + 1. Fact 2 C has at least ve vertices.
Proof. By Fact 1, jV (F )j 3. Hence jV (J)j 4 and C has jV (J)j + 1 5 vertices. 2
We denote W = V (F ). Clearly, W is a homogeneous set of G and W induces F. 
